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The  p r o b l e m  of the  h y d r o d y n a m i c  i n t e r a c t i o n  t ak ing  p l a c e  be tween  the p r o f i l e d  p l a t e s  of a 
( turbine)  c a s c a d e  i s  c o n s i d e r e d .  Th i s  p r o b l e m  has  h i t h e r t o  been  l i t t l e  s t u d i e d  - e x i s t i n g  p a -  
p e r s  [1, 2] c o n s i d e r  the  mode l  of e f f ec t i ve ly  s t e a d y - s t a t e  f low,  the  flow of the  l iquid  at  any in -  
s t an t  of t i m e  be ing  r e g a r d e d  as  f r e e  f r o m  edd ie s ,  wh i l e  t i m e  p l a y s  the  p a r t  of a p a r a m e t e r ;  
h o w e v e r ,  u n d e r  p r a c t i c a l  c o n d i t i o n s  the  f i e ld  of v e l o c i t i e s  a r o u n d  mov ing  c a s c a d e s  c h a n g e s  
r a p i d l y  wi th  t i m e ,  so  c a s t i n g  doubt  on the  v a l i d i t y  of the s t e a d y - f l o w  mode .  T h e  m o d e l  p r o -  
p o s e d  in th i s  p a p e r  a l l o w s  fo r  h i g h - f r e q u e n c y  p u l s a t i o n s  in the  flow. The  a p p r o x i m a t e  s o l u -  
t ion h e r e  d e r i v e d  d e t e r m i n e s  the  i n t e r f e r e n c e  be tween  the p r o f i l e s  on the b a s i s  of a l i m i t i n g  
so lu t ion  with in f in i t e ly  l a r g e  S t r o u h a l  n u m b e r s ,  A t y p i c a l  c a l c u l a t i o n  is  p r e s e n t e d .  

1. Le t  us  c o n s i d e r  the  flow of an i d e a l ,  i n c o m p r e s s i b l e  l iquid  a r o u n d  a s y s t e m  of two c a s c a d e s  of thin 
p r o f i l e s  (p la tes) ;  the  v e l o c i t y  of the  l iqu id  a long way  f r o m  the  p l a t e s  i s  v 1. Le t  the  s econd  c a s c a d e  move  
a long  the f r o n t  of the  f i r s t  a t  a s t e a d y  v e l o c i t y  u. We deno te  the  p r o f i l e s  of each  c a s c a d e  by the  n u m b e r s  
j = 0, • 1 , . . . .  Le t  us i n t r o d u c e  a s y s t e m  of i n e r t i a l  C a r t e s i a n  c o o r d i n a t e s  Oxr jYr j  a s s o c i a t e d  with each j - t h  
r i g i d  p r o f i l e  of t he  r - t h  c a s c a d e  (r  = 1, 2), c h o o s i n g  the o r i g i n  of c o o r d i n a t e s  in the  m i d d l e  of the  c h o r d s  of 
the  p r o f i l e s .  We u s e  h r ,  Cr,  and f ir  to deno te  the  s t ep ,  h a l f - c h o r d ,  and s t a g g e r  a n g l e  of the  r - t h  c a s c a d e ,  d 
the  a x i a l  gap  be tween  the  c a s c a d e s ,  lo the  d i s t a n c e  be tw e e n  the o r i g i n s  of the  c o o r d i n a t e  s y s t e m s  OxloYlo and 
Ox2oY20 at  the  i n s t an t  of t i m e  t = 0 (Fig.  1). We  c o n s i d e r  tha t  the  g e o m e t r i c a l  p a r a m e t e r s  of the  c a s c a d e  
s a t i s f y  the  equa t ion  

biN1 := h2N 2 = L (1.1) 

w h e r e  L is the  s m a l l e s t  d i s t a n c e  in which a who le  n u m b e r  of p r o f i l e s  of t he  f i r s t  and s econd  c a s c a d e s  may 
be  packed ,  N 1 and N 2 a r e  n a t u r a l  n u m b e r s .  Then in the  c a s e  of r i g i d  p r o f i l e s  the  f low of l iquid  c h a n g e s  
p e r i o d i c a l l y  with a p e r i o d  T = L / u  in t i m e  and in c o o r d i n a t e s  with a p e r i o d  L a long the f ron t  of the  c a s c a d e s .  
Th is  p e r i o d  r e m a i n s  i n t ac t  f o r  the  c a s e  of v i b r a t i n g  p r o f i l e s  if the  a n g u l a r  f r e q u e n c y  of the  v i b r a t i o n s  0~ is  
c h o s e n  a s  

= T / ( 2 n n ) ,  n =  i ,  2 . . . .  (1.2) 

Le t  us  a s s u m e  that  the  flow of t he  l iquid  o u t s i d e  t he  p r o f i l e s  and eddy t r a c k s  is  of the  po t en t i a l  type ,  
t he  p e r t u r b a t i o n s  i n t r o d u c e d  into the  flow by the  p r o f i l e s  s l igh t ,  w h i l e  the  S t r o u h a l  n u m b e r s  

kr = Q-rCr / Vr ~ 5, r - t ,  2; P-r = 2aNt / T (1.3) 

w h e r e  V 1, V 2 a r e  the  r e l a t i v e  v e l o c i t i e s  of the  m a i n  flow in f ron t  of the  f i r s t  and s e c o n d  c a s c a d e s .  

F o r  the  v e l o c i t y  p o t e n t i a l  ~ x ,  y ,  t) of the  p e r t u r b e d  mot ion  of the  l iquid  a r o u n d  the  c a s c a d e s  of v i b r a t -  
ing p r o f i l e s  w e  m a y  f o r m u l a t e  the  fo l lowing  b o u n d a r y  p r o b l e m  (x = xl0 , y = Yl0)- The  funct ion  (p(x, y,  t) o u t -  
s i d e  the  p r o f i l e s  IXrjl ~ C r ,  Yrj = e r j  and eddy t r a c k s  L r j ( r  = 1, 2; j = 0, - 1 . . . .  ) s a t i s f i e s  t he  L a p l a c e  e q u a -  
t ion 

A T -- 0 (1.4) 
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the equation which s t a t e s  that  the l iquid cannot  flow through the p ro f i l e  

(v: -~- VtD).y~j _= Oe~j ,' Ot --:- (u.y,.j) 6,~ 

the condi t ion  of p r e s s u r e  cont inui ty  in the eddy t r a c k s  

for grj ~ erj, 
(1.5) 

ip] = 0 for (x, y) ~_ Lrr (1.6) 

the condi t ions  r e p r e s e n t i n g  the a t tenuat ion of the p e r t u r b e d  ve loc i t i e s  at an infinite d i s t ance  in f ront  of the 
c a s c a d e s  and per iod ic i ty  of the flow in t i m e  t and c o o r d i n a t e s  x, y 

lira 7 r = O, R = ] / ~ - - ~  y: 
R ~ o  

(9(x, y, t)---- q0(x, y, t +  T), qG(x, y, t) = (9 (x - -  Ls in  ~ ,  
Y -t- Lcos ~1, t) (1.7) 

and the  Zhukovski i  pos tu la te  on the sharp  t ra i l ing  edges of the prof i les .  

Here  Yrj is the unit v e c t o r  of the Yrj axis ,  arj  is the n o r m a l  componen t  of the de fo rma t ion  of the  j - th  
p rof i l e  of the  roth c a s c a d e  dur ing  its v ib ra t ions ,  5r2 is the K r o n e c k e r  symbol ,  and p is the h y d r o d y n a m i c  
p r e s s u r e .  The  c o n t o u r s  Lr j  a r e  c o n s i d e r e d  as devia t ing very  l i t t le  f r o m  the s t r a igh t  l ines  Yrj = 0, Xrj < Cr. 

We d e t e r m i n e  the ve loc i ty  potent ia l  (o by the i n t e r f e r e n c e  method [3] in the f o r m  

r (x, y, t)::= ~] q),,, (X,~o, y .... t) (1.8) 
n , - I  o----oo 

w h e r e  ,~n~ is the ve loc i ty  potent ia l  f o r  flow around a s ingle  p ro f i l e  with the nonpene t ra t ion  condi t ion 

O~, ,o ,  Oy,,o = v , ,~ (x  ... .  t) § u , , , ( x  .... t) for y,,~ = e,,~,[x~ol'/ 

H e r e  Vna is the spec i f ied  n o r m a l  componen t  of the ve loc i ty  of the p ro f i l e  

(1 .9)  

V,,o " O e ~  / Ot § (6~.. u --  v0.u (1.10) 

while  Uncr is an unknown funct ion which is in t roduced  in o r d e r  to sa t i s fy  condi t ions  (1.5) on all the prof i les .  
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In a c c o r d a n c e  wi th  t h e  p e r i o d i c i t y  c o n d i t i o n s  

U'no ~ U n , a + . N ' n T  H ~  : . -  I~n,c~+.'Vn~ n : :1~ 

Let  u s  e x p r e s s  the  f u n c t i o n s  Vncr, Unc r in t he  f o r m  
c~ 

lg  (uo) 
V,,o l~qO + >_] q~)cosml l  .... 

co 

uoo = '/~do"~ + ~, 6~,'~ 
m = l  

(1.11) 

(1.12) 

w h e r e  Vna = a r c  c o s  (Xncr Cn), qm (mr) a r c  k nown  and  5m(nCr) unknown  c o e f f i c i e n t s .  S u b s t i t u t i n g  (1.8) in to  (1.5) 
and  a l l o w i n g  f o r  (1 .9 ) - (1 .12) ,  in  o r d e r  to d e t e r m i n e  the  c o e f f i c i e n t s  6m (nor) wc  o b t a i n  a s y s t e m  of (N i + N2) 
l i n e a r  e q u a t i o n s  

�9 -~ oc "~'r or N n 

0 ..... (1.13) m:.~t ) =  oc x=-I O'~/rj ).=--oc x= l  --~r~-- 
(Z~:0) 

f o r  Yrj  = a r j ,  [Xrjl -<-er; n,  r = 1, 2; n ~  r;  j = 1 . . . .  , Nr ;  a = AN r + ~,., p = h N n +  ~.. 

H e r e  t he  c o o r d i n a t e s  Xrj,  Yrj  a r e  r e l a t e d  to the  c o o r d i n a t e s  Xrc r, Yra ,  and  Xnp, Ynp by t he  e q u a t i o n s  

Xro ~: Xrj "~- (0  - -  ]) h r silt f ir, y,a = y.j - -  (o - -  j) hr cos ~r for n --  r 

x,,o - -  X,,o + oh~sin ~,,, Y,,o =- Yno - -  oh,,cos ~ for n # r  

x,, 0 = x~o cos (~,, - -  ~,.) q sign (n - -  r) [Y~o sin (fl~ ~ ~r) - - l  sin ~. + h cos ~i,,] 

Y.o = Y,o cos ([5. - -  ~#) -4 sign (n - -  r) [--x,o sin (16= - -  1%)'+ l cos ,6= -4- h sin iS.)] 

w h e r e  Xr0, Yr0 a r e  c a l c u l a t e d  f r o m  (1.14) and  

(1.14) 

(1.15) 

l =  lo -', u t ,  h =: c 1 c o s ' 6 1 +  c 2 e o s ~ 2 "  d 

Le t  us  e x p r e s s  the  v e l o c i t y  p o t e n t i a l  ~ncr in the  f o r m  

( (D q),,o (:r .... y .... t)--q)(~) (x .... y.o) + - p . . ( x ~ ,  y,~., t) (1.16) 

w h e r e  A 0) are  the steady and transient  parts  of r As we  may take the value  of the fuoc t io .  1 lO"e 
~Pno" = (P~cr, o b t a i n e d  by s o l v i n g  the  p r o b l e m  (1 .4) - (1 .7)  in  a q u a s i s t e a d y  f o r m u l a t i o n ,  a v e r a g e d  o v e r  t he  p e -  
r i od  T.  T h e n  

7" 

(0) 1 ~ , 
q,.~ (x  .... Y'~) = ' 7  q),. (x  .... !1,~,,, t) dt  

d 
o 

The  f u n e t i o n  q~*a i s  d e t e r m i n e d  by  the  e q u a t i o n s  

(I.17) 

Xn~ 

" " "~ I O ~ "x Y,,o) d x  q~,o = a )(~ (x  .... y~o, t ) i -  '~U,,---[ g" ~ "' 
oo (1.18) 

o; 
[D(0) ~ | (no) (n~) (n~) (na) . . . . .  := ~ q,,~-x - -  q~-x ~- rm-1 - -  rmH ] l m  {z,~o - -  V z,,~2 _ 1} (1.19) 

g . . . . .  % [d  ~~ - d "~ + 4 ' '~  d"~ R~ {~n I=oo - F ~ .  - ~ }  (1.~0) 

H e r e  ~(0) i s  the  v e l o c i t y  p o t e n t i a l  of i r r o t a t i o n a l  f low a r o u n d  the  c o r r e s p o n d i n g  p r o f i l e ,  t he  f u n c t i o n  ncr 
g n a  d e f i n e s  the  a d d i t i o n a l  q u a s i - s t e a d y  f low due  to the  s a t i s f a c t i o n  of the  Z h u k o v s k i i  p o s t u l a t e  a t  t he  t r a i l i n g  
edge  of the  s a m e  p r o f i l e ,  Zncr = Xncr + iyncr, t he  c o e f f i c i e n t s  r m  (na) a r e  the  F o u r i e r  c o e f f i c i e n t s  f o r  t he  f u n c -  
t ion  Uncr*, a l l o w i n g  f o r  the  i n t e r f e r e n c e  of the  o t h e r  p r o f i l e s .  T h e  q u a n t i t i e s  r (~  a) a r c  d e t e r m i n e d  a s  a s o l u -  

t i on  of the  s y s t e m  (1.13) in  wh ich  6 (~ ( r )=  r (tuner), ~ncr = (Pncr*. 
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The veloci ty  potent ia l  4 0  of the  addi t ional  t r a n s i e n t  flow should,  in a c c o r d a n c e  with (1.9), (1.12), 

(1.16)-(1.20), sa t i s fy  the  nonpene t ra t ion  condi t ion  

co 

0~(d~ ) 1 ,.(.~) ~_ [0~ ~) 2- . 
o~I,,o - - T  L'~ 6(~176 -'- ~ '  6~ '~ ) i c~176  

for y.~=~no.  ]x,,~l~c,~ 
(1.21) 

w h e r e  6(m nor) a r e  unknown coe f f i c i en t s  

T 

: ~ | i f~":) (n~),  0~'~ :~ := q{~:) -F r;~ ~ --  -7:- Iq,. F r,,, ]dt (1.22) 
0 

We d e t e r m i n e  the  coef f i c ien t s  5~ancr) as the solut ion of the s y s t e m  (1.13) f o r  qOnc ~ = ~ .  The  funct ions  
(plll~ a r e  a s s u m e d  equal to the ve loc i ty  potent ia l  of i r r o t a t i ona l  flow a round  the p rof i l e  (I)i~ ~ .  This  a p p r o x i -  
mation is ba sed  on the a s sumpt ion  (1.3) and the fac t  that  in the l imi t ing  c a s e  of infini tely l a r g e  St rouhal  n u m -  
be r s  the  hyd rodynamic  inf luence of the o the r  p rof i l es  in the c a s c a d e  on the one unde r  c o n s i d e r a t i o n  is d e -  
t e r m i n e d  s imply  by the i r ro t a t i ona l  p a r t  of the flow of l iquid [3]. In the app rox ima t ion  under  c o n s i d e r a t i o n  
the p r e s e n c e  of eddy t r a c k s  is only al lowed f o r  in the p rob l em of flow around each individual  prof i le ,  whi le  
the in t e rac t ion  between the p rof i l es  (cascades)  is c o n s i d e r e d  without a l lowing fo r  the t r a cks .  The  s y s t e m  
of equat ions (1.13) is so lved by the method of co l loca t ions .  

2. The  hyd rodyna m i c  p r e s s u r e  Pkj at the points  of the j - th  p ro f i l e  of the k - th  c a s c a d e  is d e t e r m i n e d  

by the C a u c h y -  L a g r a n g e  in tegra l  

Psi - -  Po = --P (Oq: I Ot --  VkOq~ I Ox), I x~jl ~< c~, y~j -4- O, Po = const (2.1) 

The l if t ing f o r c e  Ykj and the  momen t  Mkj a r e  given by 

c/~ 

Y~J= f [p~(x, - -O,  t ) - -  p~.j(x, -i-O, t) ldx 
- -C k 

t ic  

M~.j = f xlp~q(x, - - 0 ,  t)--p, ,q(x,-t-O, t)]dt 
--e, R 

(2.2) 

Here p is the dens i ty  and Mkj the momen t  re la t ive  to the middle  of the prof i le .  At the points  of the 
p ro f i l e  under  c o n s i d e r a t i o n  only the veloci ty  potent ia l  ~Okj su f f e r s  a d iscont inui ty .  Hence  Eq. (2.2) with due 
a l lowance  f o r  (1.16)-(1.21) may be wr i t t en  in the f o r m  

T 

Y~.j =- . -  npV~,.c,: ( +  I [(1(~ -- ,/',.o L r~n r(l~.,)] dt ". 
0 

;V ~') 5',"<) I + (2.3) '/2 [00 ~'~ - -  0(, ~')  -o - -  

(c;, !41"~)(OiOt)lO~ ~ ' ) -  O'i"~ + 6(o ~') --5~k')t] 
T 

- + ,, ,' {+ .  I .o <<',- + 
') (2.4) 

'i~1O'o~:) ~ o(? ~)--. ~<~">,,o i (~'?">- '>(oT > -  ~- 6~'))! ',- 
(c;< I ,', v~)(<~ , ' / , , )  i o(,<.,> _ ,,.~n<'<'> _,. ~(,',> _ ~ T ) I I  

By way of example ,  F igs .  2 and 3 p r e s e n t  the r e s u l t s  of a ca lcu la t ion  of the hyd rodynamic  in te rac t ion  

between the two c a s c a d e s  shown in Fig.  1, having the p a r a m e t e r s  

"q = 0 . 8 ,  "~2-- 1.2 0% = b , , / hh ,  b,<= 2c,,), c i / c 2 =  1, 
l o '= 2c,, d :-~ 0.2c l, ~, -- 30 ~ ~ = --60% ai " --a2 = 0.2 

Here C~k means the angle between the velocity vector V k and the chord of the profiles of the k-th cas- 
cade. In Eq. (1.12) we allowed for six terms of the Fourier series, which enabled us to reduce (1.13) to a 
system of 30 algebraical equations. The time step was chosen as At = T/20. The results of the calculations 
are presented in the form of the aerodynamic coefficients of the lifting force Cyk = Yk0/(I/2pVk2~Ok) and the 
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moment Cmk = Mko/ (1 /2pVk2bk  2) expressed as functions of t for the original profi les of the f i rs t  and second 
cascades .  The broken line co r responds  to a calculation based on the hypothesis of a quasi-s teady state, 
while the continuous curves  a re  based on Eqs. (2.3) and (2.4). The a r rows  in Figs.  2 and 3 indicate in te r -  
vals equal to T/N 2 (top) and T/N 1 (bottom). 

[n the case  of the interaction of two cascades ,  the hydrodynamic interactions in the f i rs t  cascade  vary  
periodically in t ime with a period T/N 2 and in the second cascade with a period T/N 1 [2]. The resul ts  of 
the calculation obey this law, although in the algori thm the periodicity of the flow was only visualized as 
having a general  period T. This consti tutes one of the c r i t e r i a  for  estimating the accuracy  of the ca lcula-  
tion. The algori thm in question may be extended to the case  of hydrodynamic interaction between severa l  
cascades .  In par t i cu la r  the p rogram used for  the computer  calculation was set up for  three cascades .  
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